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Abstract 
Constructive resonances with minimum entropy are derived from measurements of photoelectric 
effect cross sections at atomic K-shell thresholds. A resonance region with optimal constructive 
interference is given by a principal wave length λ of the order of Bohr atom radius.  Our study 
shows that the proton shape is not a sphere but it has an elliptical volumetric shape with two 
equal axes and the other different. 
Resonance waves allowed us the possibility to measure both proton radius and shape through an 
interference term. This last, was a necessary condition in order to have an effective cross section 
maximum at threshold. The minimum entropy means minimum shape deformation and it was 
found to be (0.830 ± 0.015) fm and the average proton radius was found to be (0.851 ± 0.201) fm. 
 
Introduction 
The so called proton radius puzzle was born when electron scattering experiments or atomic 
spectroscopy gave different value for the radius of the proton when compared to a muonic 
experiment. In the last experiment, the lamb shift was measured when the muon orbits a proton 
allowing a proton radius measurement1. Other experiments included a Deuterium spectroscopy 
and muonic Helium. It was found in the former that the deuteron radius is smaller when measured 
in muonic deuterium compared to the average value using electronic deuterium. There are also 
plans to simultaneously measure the scattering of electrons and muons at Muon Proton Scattering 
Experiment (MUSE)1,2. 
The electrons in the atomic K-shell orbit much closer to the nucleus than other shells. At low 
energy (up to 0.116 MeV) is well known that photoelectric effect is more important than other 
effects for most of elements of periodic table3. We can see different peaks of photoelectric 
absorption being the strongest ones due to electrons located at K-shell. Somehow the system 
formed by electron, photon and nucleus interacts strongly at K-shell when compared to other 
shells. The NIST data base at National Institute of Standards and Technology4 has tabulated the 
photoelectric peak cross sections for every element of periodic table. Resonance is a very general 
phenomenon in nature but many times we ignore its existence. It can be discovered when the 
energy in a system changes at particular rate5. Using NIST information and entropy principles we 
develop a model that call for atomic resonances for the electron, proton and photon system6.  
Atomic resonances where completely identified through an interference term that became part of 
the model and allowed us to measured proton radius. Our model predicts that the proton is not an 
sphere but an ellipse and it is in agreement with other experiments done by other laboratories1,2. 
Theory 
Resonance phenomena can be seen at low energy when x-rays interact with periodic table atoms. 
This is true when we analyze attenuation peaks produced from low energy radiation interaction 
with matter5,7,8,9. 
If we consider that resonance is a threshold phenomenon we can find a specific wave length λ 
where maximum energy is transferred from one photon to other electron or proton10,11. In our 
analysis, low energy X-rays interacts with atomic structure as a system and produce resonances. 
We have seen minimum increases of energy that produce more than 250% of the photoelectric 
effect cross section (ςm >> ςm-1) for a time t=m, and for each atom of the periodic table. When we 
consider resonance threshold frequencies, we found that the maximum variation of the cross 
section is located where the energy variation is minimum Min(Em-Em-1) or equal to zero during the 
same time interval, as follows: 
   (       )     (       ) 
The resonance phenomena is an optimal process, in the sense that entropy is minimized. During 
resonance system entropy should be minimum and can be measured when huge increases of 
atomic cross sections are detected. This last is the result of interference phenomena between the 
atomic nucleus, X-rays and atomic electrons12. 
In order to have a clear understanding how these process occurs, we are going to explain each one 
of the events. Those events are ordered and optimized naturally in such a way that a maximum 
value of the cross section is obtained for every atom between: 11≤ Z ≤92.   
E1 Interaction of matter with radiation: The X-rays having a wave length λ, interacts 
constructively with a given material and as a result of this a resonance is produced12,13. 
E2 Constructive interference: There are constructive interferences among the X-rays and 
later on with the atomic nucleus or electron. This occur only if ra ≈ rn+λ where ra = atomic 
radius and rn = nucleus radius. 
E3 The resonance maximize total atomic cross section of the system. This resonance comes 
mainly from the nucleus since it has the largest interaction probability when compared 
with the electron: pn > pe, where pn and pe are the nucleon and electron probability 
respectively14,15. 
E4 The optimal cross section of the atomic nucleus depends on the proton radius rp. The 
proton radius will be measured indirectly through the atomic total cross section which is a 
(1) 
result of the interference between the nucleus (but always with a specific nucleon), X-rays 
and electron16. 
     
  
(     )     (       )        
The process is described through the events E1, E2, E3 and E4 and is only possible if and only if 
exists both a simultaneous constructive interference and atomic total cross section resonance10-16. 
This quantum phenomena implies an optimal and ordered development of each of the physical 
events, namely E1, E2, E3 and E4. Therefore, the principle that governs the whole process is called 
minimum entropy. The proton radius will be then theoretically calculated by minimizing the 
entropy17,18.  
 
Definitions.  
The atom will be characterized by the atomic radius ra, number of protons Z = A-N, number of 
electrons Z and number of neutrons N. 
 
Cross Section. 
According to NIST, current tabulations of μ/ρ rely heavily on theoretical values for the total cross 
section per atom, ςtot, which is related to μ/ρ by the following equation: 
 
 
         
In (eq. 3), u (= 1.660 540 2 × 10-24) is the atomic mass unit (1/12 of the mass of an atom of the 
nuclide 12C)4. 
The attenuation coefficient, photon interaction cross sections and related quantities are functions 
of the photon energy. The total cross section can be written as the sum over contributions from 
the principal photon interactions, 
                                      
Where ςpe is the atomic photo effect cross section, ςcoh and ςincoh are the coherent (Rayleigh) and 
the incoherent (Compton) scattering cross sections, respectively, ςpair and ςtrip are the cross 
sections for electron-positron production in the fields of the nucleus and of the atomic electrons, 
respectively, and ςph.n. is the photonuclear cross section
3,4. 
We use data of NIST for elements Z=11 to Z=92 and photon energies 1.0721E-03 MeV to 1.16E-01 
MeV, and have been calculated according to: 
(2) 
(3) 
(4) 
(5) 
  
 (                                )    
The probability to find a proton inside the atom and more specifically inside the nucleus is given by 
Pn: 
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The probability to find at least one electron inside the atom is represented by Bohr’s radius and is 
defined by: 
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. 
Where: 
ra is the atomic radius, 
re is the electron radius, 
rn is the nucleus radius, 
rp is the proton radius. 
Resonance region.  
A resonance region is created in a natural way at the K-shell between the nucleus and the 
electrons at S-level. The condition for the photons to enter in the resonance region is given by ra ≥ 
rn+λ.  This resonance region give us a new way to understand the photoelectric effect. There is 
experimental evidence of the existence of resonance at K-level due to photoelectric effect, 
represented by the resonance cross section provided by NIST for each atom. In the present work 
we focus on the resonance effects but not on the origin of resonance region. 
Shannon Entropy. 
Shannon's entropy S measures the information of a system and is given by: 
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In order to have minimum entropy19,20,21 every part of the atom should have a shape and structure 
optimal in a way that the whole system works as one. The equation (8) only depends on the 
nucleus radius. The minimum nucleus radius will be used  rn
* = rp A
1/3 instead of traditional nucleus 
radius given by rn
* = 1.2 A1/3 . This new equation can be obtained from the following volumetric 
relation: 
 
 
   
   
 
 
   
   
(6) 
(7) 
(8) 
(8A) 
The equation (8A) will be used in order to minimize the entropy. 
 
Theorem 1. The atom is a minimal entropy system. 
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The problem is solved using the KKT (Karush-Kund-Tucker) method15,19. The Lagrangian is built in a 
traditional way L = S + µ (pn+pe-1) with the constraint µ(pn+pe-1)= 0. 
After solving the Lagrangian, dL/drp = 0 we obtain µ > 0 as follows: 
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Since µ > 0, we should have 
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   . 
This implies that the minimum of the entropy has solution since µ is larger than zero and equation 
(9) has solution. In other words, rp exists in the interval from 0.83 fm to 0.88 fm for every one of 
the atoms. In summary the entropy is minimum for the minimum radius.  
❶ 
Equation (11) depends on the radius of electron and nucleon. From this equation we can solve for 
the proton radius for each element of the periodic table. We then obtain the theoretical limit of 
the proton radius according to Figure 3. 
Once the limits of proton radius have been established we found that they are in agreement to 
experimental values. Therefore, we can find the proton radius value of minimum entropy by using 
the following equation. 
 
(9) 
(10) 
(11) 
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Theorem 2. Resonance region. The resonance cross section is produced by interference between 
the atomic nucleus and the incoming X-rays inside the resonance region, where the boundaries 
are the surface of the atomic nucleus and K-shell.  
The cross section of the atomic nucleus is given by: 
        
          
  
The photon cross section at K-shell depends on the wave length and the shape of the atomic 
nucleus: 
        (    )
  
Subtracting the cross sections (13) and (14) we have: 
               (      
 )    (      (     )   
 ) 
The resonance is produced by interactions between the X-rays, the K-shell electrons and the 
atomic nucleus. The cross sections corresponding to the nucleus is weighted by probability pn and 
should have a simple dependence of an interference term. This last depends on the proton radius 
rp or the difference between the nucleus and proton radius (rn - rp) according to the following 
relation: 
     
  
(     )     (       )    (    ) 
     
  
(     )     (       )    ( (     ) ) 
We note that left hand side of equations (16) and (17) should have a factor larger than one due to 
resonance. The unique factor that holds this requirement is (pn + pe )/ pn.  
Due to physical reasons the term that should be taken is 4π(2rpλ) because this is only that is in 
boundary of the resonance region. 
The reason that proton shape should be elliptical is because we can only measure one axis of the 
ellipse and current experimental values are in the range of 0.83 fm to 0.88 fm. 
It should be noted that the X-rays interaction is with a given proton located at the nucleus 
boundary.  Therefore, the semi-empirical version of the equation (16), which has been validated 
using experimental data from NIST and theoretical foundations, is then given by: 
(12) 
(13) 
(14) 
(15) 
(16) 
(17) 
  
 
  
       
 
 ⁄
 
     
 
 ⁄
  
 
     
 
 ⁄
  
  
(     )       
From equation (18) we obtain that proton dimensions are given by the two principal axis of an 
ellipse where the proton radius is defined by the relation rp
2 = ab.  
❷ 
We have then shown that we can verify equation (18) using NIST data for each of the elements of 
the periodic table. The results for ellipse axe values and proton radius can be seen in Table 1. 
 
Discussion of Results. 
 
1.- The shape and dimensions of the proton are dynamic and correspond to an ellipse. The 
proton is deformed and increases with the atomic weight A, due to nuclear force. Using 
the minimum entropy theory we can calculate the optimal dimension of the proton radius 
and the conditions for the photon to be trapped in the resonance region corresponding to 
K-shell. Once in this region the photon interacts with the electron or with one of the 
nucleons. In this paper we give a calculation method for the proton radius as a function of 
the resonance cross section. However, in a similar way we can obtain the electron radius 
since the low energy X-rays are confined between to boundaries corresponding to 
electrons at K-shell and protons in the nucleus. 
2.- The proton shape corresponds to an ellipse with two equal length axis and the other 
different. From the experimental cross section we can obtain two axis, the larger and the 
smaller. From the experiment we only obtain one axis which is in the range of 1.3 fm ≤ b ≤ 
0.59 fm, where 1.3 fm corresponds to sodium Z=11 and 0.59 corresponds to Uranium 
Z=92. We can calculate the second axis by using the formula rp
2 = ab. 
(18) 
 Figure 1. Evolution of size and shape for proton inside the atom nucleus. We can see different 
revolution ellipses for every atom for Z=11 to Z=92. 
 
 
 
Figure 2. Variation of nucleus radius (green), principal and secondary ellipse axes (orange, silver). 
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3.- Considering minimal deformation, the most probable value for the radius of the proton is 
obtained by averaging the measured value for one of axis of the ellipse. The value 
obtained was surprisingly 0.851 fm. 
4.- This model allow us to explain the mass absorption curves for low energy X-rays and help 
us interpret the photoelectric effect in terms  of interference wave properties. The 
question about why the K-shell has more probability than the more external ones can be 
understood in terms of the effects of the nucleus in the resonance and the same for the 
electron. Moreover, the photons that come into the resonance region have a small 
probability to produce a primary photoelectric effect and for this reason the secondary 
effect is predominant. 
The solid rigid shape of the nucleus is completely known in terms of its radius with a precision 
given by: 
   (          ) 
 
 ⁄  
The equation (19) gives the functional dependence the nucleus radius rn in terms of atomic 
number A. If we consider that the nucleons have similar relationship we then have: 
   (            ) 
However, from available experimental data we found that the range of variation of proton radius 
is well below to the corresponding nuclear radius. 
   (           ) 
According to our experimental values from Table 1, the value of the ellipse major axis, with one 
standard deviation, is given by: 
  (           ) 
The scale of variation of our data is given in fm, which is within range of other laboratories. 
    
5.-  The entropy is minimum for the minimum proton radius for different atoms of periodic 
table. See Figure 2 and Table 2.  
 
(19) 
(20) 
(21) 
(22) 
 Figure 3. The figure shows minimum entropy values for different elements of the periodic table 
where 11 ≤ Z ≤ 92. We can see that minimum entropy corresponds to a value of the proton radius 
equal to 0.83 fm. 
 
 
Figure 4. This figure shows a periodic system in relation to closed shells according to Max Born7, 
Note the close relationship with figure 3, which was obtained from entropy principles only. This 
strongly suggest the idea of closed resonance regions inside the atoms. 
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5.- The overlapping of the cross section for the nucleons is minimum as we can see from the 
evolution of the probability interaction against the nucleus. This is a function of the atomic 
weight, Figure 5. This is true when we consider the empty space in the atomic nucleus. 
This last can be seen from the difference between the minimal nucleon radius and the 
known proton radius, given by equation (23). 
     
 
  
          
 
                  Figure 5. Nucleus probability as a function of Atomic weight A. 
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Methods 
We compile all official information from PML NIST division for elements from Z=1 to Z=92 for 
energies ranged (10E-3 MeV to 1.16E-1 MeV) corresponding to K-shell. Using the equations 8, 9, 
10, 16 we obtained the final results reported in Table 1 and 2. Note that photoelectric effect by 
resonance only start to appear from Z=11 to Z=92. 
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Table 1. The table shows all calculations using NIST data values.  
ELEMENT Z N A E2=E1= E re ra σ2 σ1 λ (σ2- σ1)/σ1 b a rp rn
* rn S pn pe 1-pn-pe pn/(pn+pe)
A MeV m m cm
2 cm2 m % m m m m m
Na 11 12 22,99 1,072E-03 2,82E-15 1,900E-10 2,46E-19 2,07E-20 1,1580E-09 1085% 1,30E-15 5,66E-16 8,58E-16 8,97E-15 9,20E-15 1,25E-08 3,23E-10 2,2029E-10 1,0000E+00 0,59
Mg 12 12 24,31 1,305E-03 2,82E-15 1,450E-10 2,20E-19 1,83E-20 9,5135E-10 1102% 1,40E-15 5,26E-16 8,57E-16 9,47E-15 9,72E-15 2,14E-08 5,75E-10 3,7824E-10 1,0000E+00 0,60
Al 13 14 26,98 1,560E-03 2,82E-15 1,431E-10 1,77E-19 1,62E-20 7,9605E-10 993% 1,30E-15 5,62E-16 8,54E-16 1,05E-14 1,08E-14 2,28E-08 6,33E-10 3,8835E-10 1,0000E+00 0,62
Si 14 14 28,09 1,840E-03 2,82E-15 1,110E-10 1,49E-19 1,44E-20 6,7474E-10 932% 1,27E-15 5,75E-16 8,53E-16 1,09E-14 1,12E-14 3,77E-08 1,08E-09 6,4543E-10 1,0000E+00 0,63
P 15 16 30,97 2,150E-03 2,82E-15 9,800E-11 1,27E-19 1,28E-20 5,7745E-10 892% 1,23E-15 5,90E-16 8,51E-16 1,20E-14 1,24E-14 4,97E-08 1,48E-09 8,2803E-10 1,0000E+00 0,64
S 16 16 32,06 2,470E-03 2,82E-15 8,800E-11 1,10E-19 1,16E-20 5,0264E-10 854% 1,21E-15 5,98E-16 8,50E-16 1,24E-14 1,28E-14 6,19E-08 1,88E-09 1,0269E-09 1,0000E+00 0,65
Cl 17 18 35,45 2,822E-03 2,82E-15 7,900E-11 9,65E-20 1,04E-20 4,3994E-10 827% 1,18E-15 6,09E-16 8,47E-16 1,36E-14 1,42E-14 7,92E-08 2,49E-09 1,2742E-09 1,0000E+00 0,66
K 19 20 39,10 3,607E-03 2,82E-15 2,430E-10 7,79E-20 8,64E-21 3,4416E-10 802% 1,18E-15 6,00E-16 8,43E-16 1,50E-14 1,56E-14 9,66E-09 2,81E-10 1,3467E-10 1,0000E+00 0,68
Ca 20 20 40,08 4,038E-03 2,82E-15 1,940E-10 6,81E-20 7,85E-21 3,0745E-10 767% 1,15E-15 6,19E-16 8,43E-16 1,53E-14 1,60E-14 1,50E-08 4,48E-10 2,1130E-10 1,0000E+00 0,68
Sc 21 24 44,96 4,490E-03 2,82E-15 1,840E-10 6,08E-20 7,23E-21 2,7651E-10 741% 1,11E-15 6,34E-16 8,38E-16 1,71E-14 1,80E-14 1,75E-08 5,38E-10 2,3489E-10 1,0000E+00 0,70
Ti 22 26 47,88 4,970E-03 2,82E-15 1,760E-10 5,47E-20 6,66E-21 2,4980E-10 721% 1,09E-15 6,43E-16 8,35E-16 1,82E-14 1,92E-14 1,95E-08 6,13E-10 2,5673E-10 1,0000E+00 0,70
V 23 28 50,94 5,465E-03 2,82E-15 1,710E-10 4,97E-20 6,16E-21 2,2717E-10 707% 1,07E-15 6,49E-16 8,33E-16 1,93E-14 2,04E-14 2,12E-08 6,77E-10 2,7196E-10 1,0000E+00 0,71
Cr 24 28 51,99 5,989E-03 2,82E-15 1,660E-10 5,16E-20 5,68E-21 2,0729E-10 809% 1,23E-15 5,62E-16 8,32E-16 1,97E-14 2,08E-14 2,27E-08 7,28E-10 2,8859E-10 1,0000E+00 0,72
Mn 25 30 54,94 6,540E-03 2,82E-15 1,610E-10 4,12E-20 5,29E-21 1,8983E-10 679% 1,04E-15 6,60E-16 8,29E-16 2,07E-14 2,20E-14 2,46E-08 8,03E-10 3,0679E-10 1,0000E+00 0,72
Fe 26 30 55,85 7,110E-03 2,82E-15 1,558E-10 3,78E-20 4,93E-21 1,7462E-10 667% 1,03E-15 6,64E-16 8,28E-16 2,10E-14 2,23E-14 2,64E-08 8,67E-10 3,2761E-10 1,0000E+00 0,73
Co 27 32 58,93 7,710E-03 2,82E-15 1,520E-10 3,48E-20 4,61E-21 1,6103E-10 656% 1,02E-15 6,73E-16 8,28E-16 2,22E-14 2,36E-14 2,84E-08 9,44E-10 3,4420E-10 1,0000E+00 0,73
Ni 28 30 58,69 8,330E-03 2,82E-15 1,490E-10 3,21E-20 4,32E-21 1,4904E-10 643% 1,01E-15 6,78E-16 8,28E-16 2,21E-14 2,35E-14 2,94E-08 9,80E-10 3,5820E-10 1,0000E+00 0,73
Cu 29 34 63,55 8,979E-03 2,82E-15 1,450E-10 2,93E-20 4,04E-21 1,3827E-10 626% 9,80E-16 7,02E-16 8,29E-16 2,40E-14 2,54E-14 3,22E-08 1,09E-09 3,7824E-10 1,0000E+00 0,74
Zn 30 34 65,41 9,660E-03 2,82E-15 1,420E-10 2,76E-20 3,81E-21 1,2852E-10 624% 9,86E-16 6,98E-16 8,30E-16 2,47E-14 2,62E-14 3,39E-08 1,16E-09 3,9439E-10 1,0000E+00 0,75
Ga 31 38 69,72 1,037E-02 2,82E-15 1,350E-10 2,56E-20 3,59E-21 1,1976E-10 613% 9,69E-16 7,13E-16 8,31E-16 2,63E-14 2,79E-14 3,85E-08 1,34E-09 4,3635E-10 1,0000E+00 0,75
Ge 32 41 72,64 1,110E-02 2,82E-15 1,520E-10 2,39E-20 3,39E-21 1,1185E-10 605% 9,60E-16 7,21E-16 8,32E-16 2,75E-14 2,91E-14 3,13E-08 1,09E-09 3,4420E-10 1,0000E+00 0,76
As 33 42 74,92 1,187E-02 2,82E-15 1,140E-10 2,23E-20 3,21E-21 1,0462E-10 595% 9,52E-16 7,29E-16 8,33E-16 2,84E-14 3,00E-14 5,50E-08 1,97E-09 6,1191E-10 1,0000E+00 0,76
Se 34 44 78,96 1,266E-02 2,82E-15 1,030E-10 2,08E-20 3,04E-21 9,8083E-11 586% 9,38E-16 7,41E-16 8,34E-16 2,99E-14 3,16E-14 6,85E-08 2,50E-09 7,4959E-10 1,0000E+00 0,77
Br 35 44 79,90 1,347E-02 2,82E-15 1,350E-10 1,95E-20 2,89E-21 9,2144E-11 576% 9,32E-16 7,47E-16 8,34E-16 3,03E-14 3,20E-14 4,11E-08 1,47E-09 4,3635E-10 1,0000E+00 0,77
Kr 36 48 83,80 1,433E-02 2,82E-15 1,900E-10 1,83E-20 2,74E-21 8,6664E-11 566% 9,19E-16 7,59E-16 8,35E-16 3,18E-14 3,35E-14 2,19E-08 7,64E-10 2,2029E-10 1,0000E+00 0,78
Rb 37 48 85,47 1,520E-02 2,82E-15 2,650E-10 1,72E-20 2,61E-21 8,1684E-11 558% 9,11E-16 7,66E-16 8,36E-16 3,25E-14 3,42E-14 1,17E-08 3,98E-10 1,1324E-10 1,0000E+00 0,78
Sr 38 50 87,62 1,610E-02 2,82E-15 2,190E-10 1,61E-20 2,49E-21 7,7091E-11 546% 9,00E-16 7,77E-16 8,36E-16 3,33E-14 3,50E-14 1,71E-08 5,92E-10 1,6581E-10 1,0000E+00 0,78
Y 39 50 88,91 1,704E-02 2,82E-15 2,120E-10 1,52E-20 2,38E-21 7,2866E-11 538% 8,94E-16 7,83E-16 8,37E-16 3,38E-14 3,56E-14 1,83E-08 6,38E-10 1,7694E-10 1,0000E+00 0,78
Zr 40 51 91,22 1,800E-02 2,82E-15 2,060E-10 1,43E-20 2,27E-21 6,8985E-11 531% 8,86E-16 7,91E-16 8,37E-16 3,47E-14 3,65E-14 1,96E-08 6,88E-10 1,8740E-10 1,0000E+00 0,79
Nb 41 52 92,91 1,899E-02 2,82E-15 1,980E-10 1,36E-20 2,17E-21 6,5392E-11 523% 8,79E-16 7,99E-16 8,38E-16 3,54E-14 3,72E-14 2,13E-08 7,53E-10 2,0285E-10 1,0000E+00 0,79
Mo 42 54 95,94 2,000E-02 2,82E-15 1,900E-10 1,28E-20 2,09E-21 6,2079E-11 515% 8,71E-16 8,08E-16 8,39E-16 3,66E-14 3,84E-14 2,34E-08 8,36E-10 2,2029E-10 1,0000E+00 0,79
Tc 43 55 98,91 2,104E-02 2,82E-15 1,830E-10 1,23E-20 2,02E-21 5,8996E-11 509% 8,71E-16 8,09E-16 8,40E-16 3,77E-14 3,96E-14 2,56E-08 9,20E-10 2,3746E-10 1,0000E+00 0,79
Ru 44 57 101,07 2,210E-02 2,82E-15 2,650E-10 1,15E-20 1,91E-21 5,6177E-11 504% 8,56E-16 8,25E-16 8,40E-16 3,86E-14 4,04E-14 1,27E-08 4,45E-10 1,1324E-10 1,0000E+00 0,80
Rh 45 58 102,91 2,320E-02 2,82E-15 1,340E-10 1,10E-20 1,85E-21 5,3514E-11 494% 8,48E-16 8,34E-16 8,41E-16 3,93E-14 4,12E-14 4,72E-08 1,76E-09 4,4288E-10 1,0000E+00 0,80
Pd 46 60 107,87 2,440E-02 2,82E-15 1,690E-10 1,06E-20 1,79E-21 5,0882E-11 490% 8,54E-16 8,31E-16 8,42E-16 4,13E-14 4,31E-14 3,11E-08 1,14E-09 2,7844E-10 1,0000E+00 0,80
Ag 47 60 107,90 2,55E-02 2,82E-15 1,650E-10 9,92E-21 1,72E-21 4,8660E-11 478% 8,34E-16 8,50E-16 8,42E-16 4,13E-14 4,32E-14 3,25E-08 1,20E-09 2,9210E-10 1,0000E+00 0,80
Cd 48 64 112,41 2,670E-02 2,82E-15 1,610E-10 9,45E-21 1,64E-21 4,6499E-11 475% 8,27E-16 8,61E-16 8,44E-16 4,31E-14 4,50E-14 3,48E-08 1,29E-09 3,0679E-10 1,0000E+00 0,81
In 49 64 114,80 2,790E-02 2,82E-15 1,560E-10 9,02E-21 1,59E-21 4,4499E-11 469% 8,20E-16 8,69E-16 8,44E-16 4,41E-14 4,59E-14 3,74E-08 1,40E-09 3,2678E-10 1,0000E+00 0,81
Sn 50 69 118,71 2,920E-02 2,82E-15 1,450E-10 8,59E-21 1,53E-21 4,2518E-11 462% 8,12E-16 8,80E-16 8,45E-16 4,56E-14 4,75E-14 4,37E-08 1,65E-09 3,7824E-10 1,0000E+00 0,81
Sb 51 70 121,80 3,049E-02 2,82E-15 1,330E-10 8,24E-21 1,48E-21 4,0717E-11 457% 8,09E-16 8,85E-16 8,46E-16 4,69E-14 4,87E-14 5,22E-08 2,00E-09 4,4957E-10 1,0000E+00 0,82
Te 52 76 127,60 3,180E-02 2,82E-15 1,230E-10 7,88E-21 1,43E-21 3,9041E-11 452% 8,01E-16 8,98E-16 8,48E-16 4,92E-14 5,10E-14 6,20E-08 2,41E-09 5,2564E-10 1,0000E+00 0,82
I 53 74 126,90 3,317E-02 2,82E-15 1,150E-10 7,55E-21 1,38E-21 3,7430E-11 447% 7,99E-16 8,99E-16 8,48E-16 4,89E-14 5,08E-14 7,03E-08 2,75E-09 6,0132E-10 1,0000E+00 0,82
Xe 54 77 131,30 3,560E-02 2,82E-15 1,080E-10 7,24E-21 1,34E-21 3,4874E-11 442% 8,17E-16 8,82E-16 8,49E-16 5,07E-14 5,25E-14 8,07E-08 3,19E-09 6,8179E-10 1,0000E+00 0,82
Cs 55 78 132,90 3,590E-02 2,82E-15 2,980E-10 6,93E-21 1,29E-21 3,4583E-11 436% 7,86E-16 9,18E-16 8,49E-16 5,13E-14 5,32E-14 1,17E-08 4,22E-10 8,9550E-11 1,0000E+00 0,83
Ba 56 81 137,30 3,740E-02 2,82E-15 2,530E-10 6,66E-21 1,25E-21 3,3196E-11 431% 7,82E-16 9,25E-16 8,51E-16 5,31E-14 5,49E-14 1,63E-08 5,99E-10 1,2424E-10 1,0000E+00 0,83
La 57 82 138,90 3,890E-02 2,82E-15 1,950E-10 6,39E-21 1,22E-21 3,1916E-11 426% 7,78E-16 9,32E-16 8,51E-16 5,37E-14 5,56E-14 2,69E-08 1,02E-09 2,0914E-10 1,0000E+00 0,83
Ce 58 82 140,10 3,598E-02 2,82E-15 2,980E-10 6,13E-21 1,92E-21 3,4506E-11 219% 5,84E-16 1,24E-15 8,52E-16 5,42E-14 5,60E-14 1,20E-08 4,37E-10 8,9550E-11 1,0000E+00 0,83
Pr 59 82 140,90 4,199E-02 2,82E-15 2,470E-10 5,89E-21 1,14E-21 2,9567E-11 415% 7,69E-16 9,43E-16 8,52E-16 5,46E-14 5,64E-14 1,73E-08 6,39E-10 1,3035E-10 1,0000E+00 0,83
Nd 60 83 144,24 4,360E-02 2,82E-15 2,060E-10 5,68E-21 1,11E-21 2,8475E-11 411% 7,66E-16 9,49E-16 8,53E-16 5,59E-14 5,77E-14 2,47E-08 9,33E-10 1,8740E-10 1,0000E+00 0,83
Pm 61 84 145,00 4,520E-02 2,82E-15 2,050E-10 5,47E-21 1,08E-21 2,7467E-11 406% 7,62E-16 9,55E-16 8,53E-16 5,62E-14 5,80E-14 2,50E-08 9,46E-10 1,8923E-10 1,0000E+00 0,83
Sm 62 88 150,36 4,680E-02 2,82E-15 2,590E-10 5,24E-21 1,05E-21 2,6528E-11 399% 7,52E-16 9,72E-16 8,55E-16 5,84E-14 6,01E-14 1,63E-08 6,07E-10 1,1855E-10 1,0000E+00 0,84
Eu 63 88 152,00 4,850E-02 2,82E-15 2,310E-10 5,05E-21 1,02E-21 2,5598E-11 394% 7,48E-16 9,78E-16 8,55E-16 5,91E-14 6,08E-14 2,04E-08 7,69E-10 1,4903E-10 1,0000E+00 0,84
Gd 64 93 157,30 5,023E-02 2,82E-15 2,330E-10 4,92E-21 9,95E-22 2,4717E-11 394% 7,52E-16 9,76E-16 8,57E-16 6,12E-14 6,29E-14 2,05E-08 7,73E-10 1,4648E-10 1,0000E+00 0,84
Tb 65 94 158,90 5,200E-02 2,82E-15 1,750E-10 4,69E-21 9,69E-22 2,3877E-11 384% 7,37E-16 9,97E-16 8,57E-16 6,19E-14 6,36E-14 3,55E-08 1,38E-09 2,5967E-10 1,0000E+00 0,84
Dy 66 97 162,50 5,379E-02 2,82E-15 1,770E-10 4,52E-21 9,44E-22 2,3081E-11 379% 7,31E-16 1,01E-15 8,58E-16 6,34E-14 6,50E-14 3,52E-08 1,37E-09 2,5384E-10 1,0000E+00 0,84
Ho 67 98 164,93 5,560E-02 2,82E-15 2,470E-10 4,35E-21 9,20E-22 2,2329E-11 373% 7,24E-16 1,02E-15 8,59E-16 6,44E-14 6,60E-14 1,88E-08 7,10E-10 1,3035E-10 1,0000E+00 0,84
Er 68 99 167,26 5,749E-02 2,82E-15 2,260E-10 4,21E-21 8,98E-22 2,1597E-11 368% 7,20E-16 1,03E-15 8,59E-16 6,53E-14 6,69E-14 2,24E-08 8,56E-10 1,5570E-10 1,0000E+00 0,85
Tm 69 122 204,38 5,940E-02 2,82E-15 1,700E-10 4,07E-21 1,06E-21 2,0901E-11 285% 6,65E-16 1,14E-15 8,70E-16 8,08E-14 8,18E-14 4,29E-08 1,73E-09 2,7517E-10 1,0000E+00 0,86
Yb 70 103 173,05 6,133E-02 2,82E-15 2,220E-10 3,92E-21 8,53E-22 2,0242E-11 360% 7,11E-16 1,04E-15 8,61E-16 6,77E-14 6,92E-14 2,36E-08 9,07E-10 1,6136E-10 1,0000E+00 0,85
Lu 71 104 175,00 6,331E-02 2,82E-15 2,170E-10 3,79E-21 8,35E-22 1,9609E-11 354% 7,06E-16 1,05E-15 8,62E-16 6,85E-14 7,00E-14 2,48E-08 9,57E-10 1,6888E-10 1,0000E+00 0,85
Ta 73 108 180,90 6,742E-02 2,82E-15 2,000E-10 3,54E-21 7,97E-22 1,8416E-11 345% 6,96E-16 1,07E-15 8,63E-16 7,10E-14 7,24E-14 2,95E-08 1,15E-09 1,9881E-10 1,0000E+00 0,85
W 74 109 183,84 6,950E-02 2,82E-15 1,930E-10 3,42E-21 7,78E-22 1,7864E-11 339% 6,89E-16 1,08E-15 8,64E-16 7,22E-14 7,35E-14 3,18E-08 1,25E-09 2,1349E-10 1,0000E+00 0,85
Re 75 110 186,21 7,170E-02 2,82E-15 1,370E-10 3,31E-21 7,61E-22 1,7315E-11 335% 6,85E-16 1,09E-15 8,65E-16 7,32E-14 7,45E-14 6,16E-08 2,50E-09 4,2370E-10 1,0000E+00 0,86
Os 76 114 190,23 7,387E-02 2,82E-15 1,850E-10 3,21E-21 7,45E-22 1,6807E-11 331% 6,81E-16 1,10E-15 8,66E-16 7,49E-14 7,61E-14 3,52E-08 1,39E-09 2,3236E-10 1,0000E+00 0,86
Ir 77 114 192,22 7,610E-02 2,82E-15 1,370E-10 3,11E-21 7,28E-22 1,6314E-11 327% 6,76E-16 1,11E-15 8,67E-16 7,57E-14 7,69E-14 6,27E-08 2,56E-09 4,2370E-10 1,0000E+00 0,86
Pt 78 117 195,08 7,839E-02 2,82E-15 1,390E-10 3,01E-21 7,13E-22 1,5837E-11 323% 6,73E-16 1,12E-15 8,68E-16 7,69E-14 7,80E-14 6,15E-08 2,51E-09 4,1159E-10 1,0000E+00 0,86
Au 79 118 197,00 8,070E-02 2,82E-15 1,740E-10 2,91E-21 7,00E-22 1,5384E-11 316% 6,65E-16 1,13E-15 8,68E-16 7,77E-14 7,88E-14 4,03E-08 1,61E-09 2,6266E-10 1,0000E+00 0,86
Hg 80 121 200,59 8,310E-02 2,82E-15 1,710E-10 2,82E-21 6,86E-22 1,4940E-11 311% 6,59E-16 1,15E-15 8,69E-16 7,92E-14 8,02E-14 4,20E-08 1,69E-09 2,7196E-10 1,0000E+00 0,86
Tl 81 122 204,40 8,550E-02 2,82E-15 1,700E-10 2,73E-21 6,72E-22 1,4521E-11 307% 6,54E-16 1,16E-15 8,70E-16 8,09E-14 8,18E-14 4,29E-08 1,73E-09 2,7517E-10 1,0000E+00 0,86
Pb 82 125 207,20 8,800E-02 2,82E-15 1,540E-10 2,64E-21 6,57E-22 1,4107E-11 302% 6,48E-16 1,17E-15 8,71E-16 8,20E-14 8,29E-14 5,22E-08 2,13E-09 3,3532E-10 1,0000E+00 0,86
Bi 83 126 209,00 9,053E-02 2,82E-15 1,430E-10 2,56E-21 6,46E-22 1,3714E-11 297% 6,43E-16 1,18E-15 8,72E-16 8,28E-14 8,36E-14 6,04E-08 2,48E-09 3,8889E-10 1,0000E+00 0,86
Po 84 125 210,00 9,310E-02 2,82E-15 1,350E-10 2,49E-21 6,35E-22 1,3335E-11 292% 6,40E-16 1,19E-15 8,72E-16 8,32E-14 8,40E-14 6,76E-08 2,79E-09 4,3635E-10 1,0000E+00 0,86
At 85 125 210,00 9,570E-02 2,82E-15 1,270E-10 2,41E-21 6,21E-22 1,2973E-11 288% 6,33E-16 1,20E-15 8,72E-16 8,32E-14 8,40E-14 7,60E-08 3,15E-09 4,9305E-10 1,0000E+00 0,86
Rn 86 136 222,00 9,840E-02 2,82E-15 1,200E-10 2,35E-21 6,08E-22 1,2617E-11 286% 6,31E-16 1,21E-15 8,75E-16 8,83E-14 8,88E-14 8,72E-08 3,67E-09 5,5225E-10 1,0000E+00 0,87
Fr 87 136 223,00 1,010E-01 2,82E-15 2,700E-10 2,26E-21 5,96E-22 1,2292E-11 278% 6,18E-16 1,24E-15 8,76E-16 8,88E-14 8,92E-14 1,86E-08 7,26E-10 1,0909E-10 1,0000E+00 0,87
Ra 88 138 226,00 1,040E-01 2,82E-15 2,150E-10 2,19E-21 5,85E-22 1,1938E-11 274% 6,14E-16 1,25E-15 8,77E-16 9,00E-14 9,04E-14 2,90E-08 1,16E-09 1,7204E-10 1,0000E+00 0,87
Ac 89 138 227,00 1,068E-01 2,82E-15 1,950E-10 2,12E-21 5,77E-22 1,1629E-11 267% 6,06E-16 1,27E-15 8,77E-16 9,05E-14 9,08E-14 3,50E-08 1,41E-09 2,0914E-10 1,0000E+00 0,87
Th 90 142 232,04 1,096E-01 2,82E-15 1,790E-10 2,06E-21 5,66E-22 1,1328E-11 263% 6,00E-16 1,28E-15 8,78E-16 9,26E-14 9,28E-14 4,17E-08 1,70E-09 2,4819E-10 1,0000E+00 0,87
Pa 91 140 231,04 1,126E-01 2,82E-15 1,630E-10 1,99E-21 5,56E-22 1,1026E-11 259% 5,95E-16 1,29E-15 8,78E-16 9,22E-14 9,24E-14 4,97E-08 2,04E-09 2,9931E-10 1,0000E+00 0,87
U 92 146 238,03 1,160E-01 2,82E-15 1,380E-10 1,93E-21 5,45E-22 1,0703E-11 254% 5,90E-16 1,31E-15 8,80E-16 9,52E-14 9,52E-14 6,94E-08 2,90E-09 4,1758E-10 1,0000E+00 0,87
  Table 2. In this Table we have calculated the values for minimum entropy using the proton radius 
values (0.83 fm ≤ rp ≤ 0.88 fm). This was done for atoms with atomic number Z=11 to Z=92 and 
photon energies 1.0721E-03 MeV to 1.16E-01 MeV.  
Element A Entropy
A S(0,83) S(0,84) S(0,85) S(0,86) S(0,87) S(0,88)
Na 22,99 8,76E-09 8,84E-09 8,93E-09 9,00E-09 9,10E-09 9,19E-09
Mg 24,31 1,49E-08 1,51E-08 1,52E-08 1,53E-08 1,55E-08 1,57E-08
Al 26,98 1,57E-08 1,59E-08 1,61E-08 1,62E-08 1,64E-08 1,66E-08
Si 28,09 2,59E-08 2,61E-08 2,64E-08 2,66E-08 2,70E-08 2,72E-08
P 30,97 3,38E-08 3,41E-08 3,45E-08 3,48E-08 3,52E-08 3,56E-08
S 32,06 4,19E-08 4,23E-08 4,28E-08 4,32E-08 4,37E-08 4,42E-08
Cl 35,45 5,30E-08 5,36E-08 5,42E-08 5,48E-08 5,55E-08 5,61E-08
K 39,10 6,38E-09 6,46E-09 6,53E-09 6,60E-09 6,69E-09 6,76E-09
Ca 40,08 9,91E-09 1,00E-08 1,01E-08 1,02E-08 1,04E-08 1,05E-08
Sc 44,96 1,14E-08 1,15E-08 1,17E-08 1,18E-08 1,19E-08 1,21E-08
Ti 47,88 1,27E-08 1,28E-08 1,30E-08 1,31E-08 1,33E-08 1,35E-08
V 50,94 1,37E-08 1,38E-08 1,40E-08 1,42E-08 1,44E-08 1,45E-08
Cr 51,99 1,46E-08 1,47E-08 1,49E-08 1,51E-08 1,53E-08 1,55E-08
Mn 54,94 1,57E-08 1,59E-08 1,61E-08 1,63E-08 1,66E-08 1,68E-08
Fe 55,85 1,69E-08 1,71E-08 1,73E-08 1,75E-08 1,77E-08 1,80E-08
Co 58,93 1,80E-08 1,82E-08 1,85E-08 1,87E-08 1,90E-08 1,92E-08
Ni 58,69 1,87E-08 1,89E-08 1,92E-08 1,94E-08 1,97E-08 1,99E-08
Cu 63,55 2,03E-08 2,05E-08 2,08E-08 2,10E-08 2,14E-08 2,16E-08
Zn 65,41 2,13E-08 2,16E-08 2,19E-08 2,21E-08 2,25E-08 2,28E-08
Ga 69,72 2,40E-08 2,44E-08 2,47E-08 2,50E-08 2,54E-08 2,57E-08
Ge 72,64 1,95E-08 1,97E-08 2,00E-08 2,02E-08 2,06E-08 2,08E-08
As 74,92 3,41E-08 3,46E-08 3,51E-08 3,55E-08 3,60E-08 3,65E-08
Se 78,96 4,22E-08 4,28E-08 4,34E-08 4,40E-08 4,47E-08 4,53E-08
Br 79,90 2,53E-08 2,57E-08 2,60E-08 2,64E-08 2,68E-08 2,72E-08
Kr 83,80 1,34E-08 1,36E-08 1,38E-08 1,40E-08 1,42E-08 1,44E-08
Rb 85,47 7,16E-09 7,26E-09 7,36E-09 7,46E-09 7,58E-09 7,68E-09
Sr 87,62 1,04E-08 1,06E-08 1,07E-08 1,08E-08 1,10E-08 1,12E-08
Y 88,91 1,11E-08 1,13E-08 1,15E-08 1,16E-08 1,18E-08 1,20E-08
Zr 91,22 1,19E-08 1,21E-08 1,22E-08 1,24E-08 1,26E-08 1,28E-08
Nb 92,91 1,29E-08 1,31E-08 1,33E-08 1,35E-08 1,37E-08 1,39E-08
Mo 95,94 1,42E-08 1,44E-08 1,46E-08 1,48E-08 1,50E-08 1,52E-08
Tc 98,91 1,54E-08 1,56E-08 1,59E-08 1,61E-08 1,64E-08 1,66E-08
Ru 101,07 7,66E-09 7,77E-09 7,89E-09 7,99E-09 8,13E-09 8,25E-09
Rh 102,91 2,84E-08 2,89E-08 2,93E-08 2,97E-08 3,02E-08 3,06E-08
Pd 107,87 1,86E-08 1,89E-08 1,92E-08 1,94E-08 1,98E-08 2,01E-08
Ag 107,90 1,95E-08 1,98E-08 2,01E-08 2,03E-08 2,07E-08 2,10E-08
Cd 112,41 2,08E-08 2,11E-08 2,14E-08 2,17E-08 2,21E-08 2,24E-08
In 114,80 2,23E-08 2,26E-08 2,29E-08 2,32E-08 2,36E-08 2,40E-08
Sn 118,71 2,60E-08 2,64E-08 2,68E-08 2,71E-08 2,76E-08 2,80E-08
Sb 121,80 3,10E-08 3,14E-08 3,19E-08 3,23E-08 3,29E-08 3,34E-08
Te 127,60 3,67E-08 3,72E-08 3,78E-08 3,83E-08 3,90E-08 3,96E-08
I 126,90 4,16E-08 4,22E-08 4,29E-08 4,35E-08 4,42E-08 4,49E-08
Xe 131,30 4,76E-08 4,83E-08 4,91E-08 4,97E-08 5,06E-08 5,14E-08
Cs 132,90 6,87E-09 6,98E-09 7,09E-09 7,19E-09 7,32E-09 7,43E-09
Ba 137,30 9,54E-09 9,69E-09 9,85E-09 9,98E-09 1,02E-08 1,03E-08
La 138,90 1,58E-08 1,60E-08 1,63E-08 1,65E-08 1,68E-08 1,71E-08
Ce 140,10 7,03E-09 7,15E-09 7,26E-09 7,36E-09 7,49E-09 7,61E-09
Pr 140,90 1,01E-08 1,03E-08 1,04E-08 1,06E-08 1,08E-08 1,09E-08
Nd 144,24 1,44E-08 1,47E-08 1,49E-08 1,51E-08 1,54E-08 1,56E-08
Pm 145,00 1,46E-08 1,48E-08 1,51E-08 1,53E-08 1,56E-08 1,58E-08
Sm 150,36 9,50E-09 9,65E-09 9,81E-09 9,94E-09 1,01E-08 1,03E-08
Eu 152,00 1,19E-08 1,21E-08 1,23E-08 1,24E-08 1,27E-08 1,29E-08
Gd 157,30 1,19E-08 1,21E-08 1,23E-08 1,24E-08 1,27E-08 1,29E-08
Tb 158,90 2,06E-08 2,09E-08 2,13E-08 2,16E-08 2,20E-08 2,23E-08
Dy 162,50 2,04E-08 2,07E-08 2,10E-08 2,13E-08 2,17E-08 2,21E-08
Ho 164,93 1,08E-08 1,10E-08 1,12E-08 1,14E-08 1,16E-08 1,18E-08
Er 167,26 1,29E-08 1,31E-08 1,34E-08 1,36E-08 1,38E-08 1,40E-08
Tm 204,38 2,45E-08 2,49E-08 2,53E-08 2,57E-08 2,62E-08 2,66E-08
Yb 173,05 1,36E-08 1,38E-08 1,40E-08 1,42E-08 1,45E-08 1,47E-08
Lu 175,00 1,43E-08 1,45E-08 1,47E-08 1,50E-08 1,52E-08 1,55E-08
Ta 180,90 1,69E-08 1,72E-08 1,75E-08 1,78E-08 1,81E-08 1,84E-08
W 183,84 1,83E-08 1,86E-08 1,89E-08 1,92E-08 1,95E-08 1,98E-08
Re 186,21 3,54E-08 3,59E-08 3,66E-08 3,71E-08 3,78E-08 3,84E-08
Os 190,23 2,01E-08 2,05E-08 2,08E-08 2,11E-08 2,15E-08 2,19E-08
Ir 192,22 3,59E-08 3,65E-08 3,71E-08 3,76E-08 3,83E-08 3,90E-08
Pt 195,08 3,51E-08 3,57E-08 3,63E-08 3,69E-08 3,76E-08 3,82E-08
Au 197,00 2,30E-08 2,34E-08 2,38E-08 2,41E-08 2,46E-08 2,50E-08
Hg 200,59 2,40E-08 2,44E-08 2,48E-08 2,52E-08 2,56E-08 2,61E-08
Tl 204,40 2,45E-08 2,49E-08 2,53E-08 2,57E-08 2,62E-08 2,66E-08
Pb 207,20 2,97E-08 3,02E-08 3,08E-08 3,12E-08 3,18E-08 3,23E-08
Bi 209,00 3,44E-08 3,50E-08 3,56E-08 3,61E-08 3,68E-08 3,74E-08
Po 210,00 3,85E-08 3,91E-08 3,98E-08 4,04E-08 4,12E-08 4,18E-08
At 210,00 4,32E-08 4,40E-08 4,47E-08 4,54E-08 4,62E-08 4,70E-08
Rn 222,00 4,94E-08 5,03E-08 5,12E-08 5,19E-08 5,29E-08 5,38E-08
Fr 223,00 1,05E-08 1,07E-08 1,09E-08 1,11E-08 1,13E-08 1,15E-08
Ra 226,00 1,64E-08 1,67E-08 1,70E-08 1,72E-08 1,75E-08 1,78E-08
Ac 227,00 1,98E-08 2,01E-08 2,05E-08 2,08E-08 2,12E-08 2,15E-08
Th 232,04 2,35E-08 2,40E-08 2,44E-08 2,47E-08 2,52E-08 2,56E-08
Pa 231,04 2,81E-08 2,86E-08 2,91E-08 2,95E-08 3,01E-08 3,06E-08
U 238,03 3,92E-08 3,98E-08 4,05E-08 4,11E-08 4,20E-08 4,27E-08
